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You may attempt as many questions as you wish and all questions carry equal marks. Except for
the award of a bare pass, only the best FOUR questions will be counted.

Question 1. (25 marks)

(a) (10 marks) Determine whether or not the knot

D
[

is tricolourable.
(b) (8 marks) Prove that Reidemester move 2 is invariant for tricolourability.

(c) (7 marks) Suppose that, in addition to the three Reidemeister moves, we introduce the
following “Queen Mary” move:
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Determine whether or not the Queen Mary move is invariant for writhe.
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Question 2. (25 marks)

(a) (8 marks) State which of the three Reidemeister moves are invariant for the Kauffman
Bracket.

(b) (10 marks) Determine the Kauffman Bracket of the knot

You may use the fact that

I_} C/D = X*l Xﬂfi XS’

(¢) (8 marks) Use your answer in part (b) to determine the Jones polynomial J(t) of the knot
in part (b).

(d) (4 marks) State the relationship between the Jones polynomial J(¢) of a knot and the
Jones polynomial Jg(t) of its reflection. Using the Jones polynomial J(t) you found in
part (c), can you determine whether or not the knot in part (b) is chiral?
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Question 3. (25 marks)

(a) (& marks) Given a curve y(t), define the orthonormal triple 7, v, § and state without
proof a formula for v when (%) is a unit-speed curve.

(b) (14 marks) Consider the curve

4 3
y(t) = (5 cost, 1 —sint, —x cost) .

Prove that v(¢) is a unit-speed curve and compute 7, v, 8 as well as the curvature K and
the torsion T for this curve.

(c) (6 marks) Suppose that y(¢) is a curve such that the torsion 7T satisfies T'= 0. Prove that

2 ()5 =0

You may use the formula for i given in lecture.

Question 4. (25 marks)
(a) (8 marks) Define what it means for a curve to be regular.

(b) (10 marks) Let a > 0 and b > 0 be constants and consider the curve
v(t) = (acost, bsint, 0).

Compute the signed curvature Ky for y(¢) and use it to evaluate the integral

/27r ab ”
o a?sin®t+ b2 cos?t

(c) (12 marks) Prove that if v(¢) is a unit speed curve such that for some constant C' it is
true that 4 = C+y, then ~ is part of a circle.

Question 5. (25 marks)
Let A > 0 be a constant and consider the surface patch

o(u,v) = (vecosu, vsinu, Au), —oco<v<oo, 0<u<l.

(a) (& marks) Sketch the surface determined by 0. Determine whether or not o is a regular
surface patch.

(b) (10 marks) Find the first and second fundamental forms of o.

(c) (10 marks) Find the Gaussian curvature of o.
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Question 6. (25 marks) Let o(u, v) be a surface patch with unit normal N, and first fundamental

form
E F
=7 )

and let v(t) = o(u(t),v(t)) be a unit-speed curve.

(a) (9 marks) Prove that

EG — F? VEG — F?

(b) (8 marks) Use part (a) and the identity ¥ = w0, + vo, to prove that

w(Eo, — Fo,) +v(Fo, — Goy)
VEG — F? '

Ny x5 =

(c) (8 marks) Prove that

. .. .9 .. .9
N = UCy + V0y + U Oy + 20004, + U Oyy.

(d) (10 marks) Use parts (b) and (c) to prove that, if oy, = 0yy = 0y, = 0, then the geodesic
curvature defined to be K; = 7 - (N, x ) satisfies

K, = (1 — iiv)VEG — F2.
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